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In this paper, we consider the following systemq1utt  kðux þ wÞx þ hx ¼ 0 x 2 ð0; 1Þ; t > 0;
q2wtt  awxx þ kðux þ wÞ  hþ
Z t
0
gðt sÞwxxðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0
q3htt  jhxx  dhxxt þ buxtt þ bwtt ¼ 0; x 2 ð0; 1Þ; t > 0
uðx; 0Þ ¼ u0ðxÞ;utðx; 0Þ ¼ u1ðxÞ;wðx; 0Þ ¼ w0ðxÞ;wtðx; 0Þ ¼ w1ðxÞ; x 2 ð0; 1Þ
hðx; 0Þ ¼ h0ðxÞ; htðx; 0Þ ¼ h1ðxÞ; x 2 ð0; 1Þ
uð0; tÞ ¼ uð1; tÞ ¼ wð0; tÞ ¼ wð1; tÞ ¼ hð0; tÞ ¼ hð1; tÞ ¼ 0; tP 0
ð1:1Þ
where u(x,t) is the longitudinal displacement, w(x,t) is the volume fraction, h(x,t) is the
difference in temperature, the relaxation function g is positive and decreasing, the coef-
ﬁcients q1,q2,q3,k,a,j,d,b are positive constants. This is a porous-thermoelastic systemonding author.
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214 S.A. Messaoudi, T.A. Apalaraof type III with the presence of a viscoelastic damping supplemented by initial data
u0,u1,w0,w1,h0, h1.
The investigation of the asymptotic behavior of porous elastic problems has at-
tracted lots of interest from researchers ever since Goodman and Cowin [4] ﬁrst pro-
posed an extension of the classical elasticity theory to porous media by introducing
the concept of a continuum theory of granular materials with interstitial voids into
the theory of elastic solids with voids. In addition to the usual elastic effects, the mate-
rials with voids possess a microstructure with the property that the mass at each point
is obtained as the product of the mass density of the material matrix by the volume
fraction. This latter idea was introduced in the pioneered work of Nunziato and Cowin
[20] in 1979 when they developed a nonlinear theory of elastic materials with voids. La-
ter, Iesan [5–8] added the temperature as well as the microtemperature elements to the
theory. The importance of such materials could not be over-emphasized as it has re-
sulted in the huge number of papers published in different ﬁelds of human endeavors
most importantly, in petroleum industry, material science, biology and others.
The one-dimensional porous-elastic model has the formqutt ¼ luxx þ bux;
qjutt ¼ auxx  bux  sut  au;
ð1:2Þwhere u is the longitudinal displacement, u is the volume fraction, q> 0 is the mass
density, j> 0 is the equilibrated inertia and l,a,s,a are the constitutive constants
which are positive and satisfy la> b2. Since this type of material has both macro-
scopic and microscopic structures, scientists have investigated the coupling and its
strength as well as the long-time behavior of solution, using dissipation mechanisms
at the microscopic and/or macroscopic levels. Many papers have appeared, where
the authors tried to determine the type, as well as the rate of decay. The analysis of
the time decay for this class of materials was started by Quintanilla [23] when he con-
sidered (1.2) with initial and mixed boundary conditions and showed that the damping
in the porous equation (sut) is not strong enough to obtain an exponential decay but
only a slow decay. To improve this decay, several other damping mechanisms were
considered, see for example, [13,14,19,22].
For the porous case in classical thermoelasticity, we mention the following sample
model which was developed by [1,23],qutt ¼ luxx þ bvx  bhx ¼ 0; x 2 ð0;LÞ; t > 0
Jvtt ¼ avxx  bux  nvþmh svt; x 2 ð0;LÞ; t > 0;
cht ¼ khxx  buxt mvt; x 2 ð0;LÞ; t > 0
uð0; tÞ ¼ uðL; tÞ ¼ vxð0; tÞ ¼ vxðL; tÞ ¼ hxð0; tÞ ¼ hxðL; tÞ ¼ 0; t > 0
ð1:3Þwhere t denotes the time variable and x is the space variable, the functions u and v are
the displacements of the solid elastic material, the function h is the temperature differ-
ence. The coefﬁcients q,l,J,a,n,s,c and k are positive constants. Casas and Quintanilla
[1] considered the above system and used the semigroup theory and the method devel-
oped by Liu and Zheng [10] to establish the exponential decay of the solutions. Later,
with s= 0 (absent of porous dissipation), the same author [2] showed that the heat ef-
fect alone is not strong enough to bring about an exponential decay but only a slow
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produced exponential decay results. Similarly, when s= 0 and cuxxt (viscoelastic dissi-
pation) is added to the ﬁrst equation in (1.3), Pamplona et al [21] proved that the sys-
tem lacks exponential stability but by taking some regular initial data a polynomial
stability is obtained. Also, for s= 0, Soufyane et al [25] considered (1.3) when the
boundary conditions are replaced withuð0; tÞ ¼ vð0; tÞ ¼ hð0; tÞ ¼ 0; tP 0
uðL; tÞ ¼  R t
0
g1ðt sÞ½luxðL; sÞ þ bvðL; sÞds
vðL; tÞ ¼  R t
0
g2ðt sÞavxðL; sÞdswhere g1 and g2 are positive nonincreasing functions. They obtained a general decay
result, from which the usual exponential and polynomial decay rates are just special
cases. Soufyane [24] consideredutt ¼ uxx þ vx  hx ¼ 0; x 2 ð0;LÞ; t > 0
vtt ¼ vxx  ux  vþ h
R t
0
gðt sÞvxxðsÞds; x 2 ð0;LÞ; t > 0
ht ¼ hxx  uxt  vt; x 2 ð0;LÞ; t > 0
ð1:4Þwith some initial and Dirichlet boundary conditions and g is a positive nonincreasing
function. He used multiplier techniques to establish exponential and polynomial stabil-
ity results depending on the relaxation function g. Recently, Messaoudi and Fareh
[16,17] consideredq1utt  kðux þ wÞx þ hx ¼ 0; x 2 ð0; 1Þ; t > 0
q2wtt  awxx þ kðux þ wÞ  hþ
R t
0
gðt sÞwxxðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0
q3ht  jhxx þ uxt þ wt ¼ 0; x 2 ð0; 1Þ; t > 0
uðx; 0Þ ¼ u0ðxÞ;utðx; 0Þ ¼ u1ðxÞ;wðx; 0Þ ¼ w0ðxÞ;wtðx; 0Þ ¼ w1ðxÞ; x 2 ð0; 1Þ;
uð0; tÞ ¼ uð1; tÞ ¼ wð0; tÞ ¼ wð1; tÞ ¼ 0; tP 0
ð1:5Þ
where q1,q2,q3,k,a,j are positive constants and g is a non-negative nonincreasing
function. They established some general decay results for the solutions in the case
of equal wave speeds kq1
¼ aq2
 
as well as for different speeds of wave propagation
k
q1
– aq2
 
.
For porous systems in nonclassical thermoelasticity, Magan˜a and Quintanilla [12]
investigated the asymptotic behavior of the solutions of the following one-dimensional
generalized porous-thermo-elasticity problemqutt ¼ luxx þ b/x  bðhþ ahtÞx; x 2 ð0; pÞ; t > 0
J/tt ¼ d/xx  bux  n/þmðhþ ahtÞ  s/t; x 2 ð0; pÞ; t > 0
hhtt ¼ khxx  buxt m/t  dht; x 2 ð0; pÞ; t > 0
ð1:6Þassociated with some initial and mixed boundary conditions. They proved that, gener-
ically, the thermal damping (s= 0) is not sufﬁciently strong to guarantee the exponen-
tial decay of solutions. But when the porous dissipation (s> 0) is also present the
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work on a particular class of boundary conditions. However, for exponential decay of
the solutions, the boundary conditions could be extended to other classes of boundary
conditions.
Leseduarte et al [9] investigated the asymptotic behavior of solutions of the linear
theory of thermo-porous-elasticity when the only dissipation mechanism is the porous
dissipation. That is, they consideredqutt ¼ luxx þ c/x  bwxt; x 2 ð0; pÞ; t > 0
J/tt ¼ b/xx þmwxx  n/þ dwt  s/t  cux; x 2 ð0; pÞ; t > 0
awtt ¼ kwxx þm/xx  d/t  buxt; x 2 ð0; pÞ; t > 0
uð0; tÞ ¼ uðp; tÞ ¼ /xð0; tÞ ¼ /xðp; tÞ ¼ wxð0; tÞ ¼ wxðp; tÞ ¼ 0; t > 0
ð1:7Þand showed that when the parameters m and b do not vanish, the decay of solutions is
controlled by a negative exponential. However, the decay is not fast enough to allow a
solution different from the null solution to vanish in a ﬁnite period of time. Whereas, if
one of the parameters m or b vanishes, the decay of solutions is slow in the sense that it
cannot be controlled by a negative exponential (generically).
In this paper, we investigate system (1.1) and establish a general decay result for the
case of equal as well as different speeds of wave propagation. We should mention here
that, to the best of our knowledge, there is no result concerning porous thermoelasticity
systems of type III with the presence of a viscoelastic damping in the second equation.
The rest of our paper is organized as follows. In Section 2, we introduce some trans-
formations and assumptions needed in our work. We state and prove some technical
lemmas in Section 3. The statements with proof for the case of equal and different
speeds of wave propagation will be given in last section.
2. ASSUMPTIONS AND TRANSFORMATIONS
In this section, we present some materials needed in the proof of our results. In addi-
tion, we state without proof a global existence result. Throughout this paper, c is used
to denote a generic positive constant. For the relaxation function g, we assume the
following:
(A1) g : R
þ ! Rþ is a C1 function satisfyinggð0Þ > 0; a
Z 1
0
gðsÞds ¼ l > 0:(A2) There exists a positive nonincreasing differentiable function n : R
þ ! Rþ
satisfyingg0ðtÞ 6 nðtÞgðtÞ; tP 0:Remark 2.1. There are many functions satisfying (A1) and (A2). Examples of such
functions are
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g2ðtÞ ¼
a
ð1þ tÞb
g3ðtÞ ¼
a
ðeþ tÞ½lnðeþ tÞbfor a,b> 1 and a< a(b  1). In fact, simple computations show thatg01ðtÞ ¼ bg1ðtÞ
g02ðtÞ ¼ 
b
ð1þ tÞ g2ðtÞ
g03ðtÞ ¼ 
1
eþ tþ
b
ðeþ tÞlnðeþ tÞ
 
g3ðtÞIn order to exhibit the dissipative nature of system (1.1), we introduce the new
variableuðx; tÞ ¼
Z t
0
hðx; sÞdsþ vðxÞ; ð2:1Þwhere v(x) is the solution ofjv00 ¼ dh000  q3h1  bu01  bw1; in ð0; 1Þ;
vð0Þ ¼ vð1Þ ¼ 0:

ð2:2ÞA simple integration of the third equation in (1.1) with respect to t taking into account
(2.1) and (2.2) transforms (1.1) intoq1utt  kðux þ wÞx þ utx ¼ 0; x 2 ð0; 1Þ; t > 0
q2wtt  awxx þ kðux þ wÞ  ut þ
R t
0
gðt sÞwxxðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0
q3utt  juxx  dutxx þ butx þ bwt ¼ 0; x 2 ð0; 1Þ; t > 0
uðx; 0Þ ¼ u0ðxÞ;utðx; 0Þ ¼ u1ðxÞ;wðx; 0Þ ¼ w0ðxÞ;wtðx; 0Þ ¼ w1ðxÞ; x 2 ð0; 1Þ;
uðx; 0Þ ¼ u0ðxÞ; utðx; 0Þ ¼ u1ðxÞ; x 2 ð0; 1Þ;
uð0; tÞ ¼ uð1; tÞ ¼ wð0; tÞ ¼ wð1; tÞ ¼ uð0; tÞ ¼ uð1; tÞ ¼ 0; tP 0:
ð2:3Þ
The well-posedness of (2.3) is stated in the following proposition.
Proposition 2.2. Let ððu0;u1Þ; ðw0;w1Þ; ðu0; u1ÞÞ 2 H10ð0; 1Þ  L2ð0; 1Þ
 3
be given and
assume that g satisﬁed (A1)and(A1). Then, problem (2.3) has a unique global solution:ðu;w; uÞ 2 C Rþ;H10ð0; 1Þ
  \ C1ðRþ;L2ð0; 1ÞÞ 3Moreover, ifðu0;w0; u0Þ 2 H2ð0; 1Þ \H10ð0; 1Þ
 3
and ðu1;w1; u1Þ 2 H10ð0; 1Þ
 3
;then the solution satisﬁes
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  \ C1 Rþ;H10ð0; 1Þ  \ C2 Rþ;L2ð0; 1Þ  3Remark 2.3. Proposition 2.2 can be established using standard methods such as the
Galerkin method (see [3] for example).
The ﬁrst-order energy associated with problem (2.3) is given asEðtÞ ¼ E1ðu;w; uÞ
¼ b
2
Z 1
0
q1u
2
t þ q2w2t þ kðux þ wÞ2 þ a
Z t
0
gðsÞds
	 

w2x
 
dx
þ 1
2
Z 1
0
q3u
2
t þ ju2x
 
dxþ b
2
g  wx; ð2:4Þwhereðg  vÞðtÞ ¼
Z 1
0
Z t
0
gðt sÞðvðx; tÞ  vðx; sÞÞ2dsdx; 8v 2 L2ð0; 1Þ:3. TECHNICAL LEMMAS
In this section, we establish several lemmas needed to prove our main result.
Lemma 3.1. Let (u,w,u) be the solution of (2.3). Then the energy functional E, deﬁned
by (2.4) satisﬁesE 0ðtÞ ¼ d
Z 1
0
u2xtdxþ
b
2
g0  wx 
b
2
gðtÞ
Z 1
0
w2xdx 6 0: ð3:1ÞProof. Multiplying the ﬁrst equation of (2.3) by but, the second by bwt, and the third
by ut, integrating over (0,1), using integration by parts and the boundary conditions,
then summing up, we obtainb
2
d
dt
Z 1
0
q1u
2
t þ q2w2t þ kðux þ wÞ2 þ w2x
h i
dxþ 1
2
d
dt
Z 1
0
q3u
2
t þ ju2x
 
dx
þ b
Z 1
0
wt
Z t
0
gðt sÞwxxðsÞdsdx ¼ d
Z 1
0
u2xtdx: ð3:2ÞThe last term in the left-hand side of (3.2) givesZ 1
0
wt
Z t
0
gðt sÞwxxðsÞdsdx ¼
Z 1
0
wxt
Z t
0
gðt sÞðwxðtÞ  wxðsÞÞdsdx

Z t
0
gðsÞds
	 
Z 1
0
wxtwxdx ¼
1
2
d
dt
g  wx 
Z t
0
gðsÞds
	 
Z 1
0
w2xdx
 
þ 1
2
gðtÞ
Z 1
0
w2xdx
1
2
g0  wx: ð3:3Þ
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Lemma 3.2. Let (u,w,u) be the solution of (2.3). Then the functionalF1ðtÞ :¼ q1
Z 1
0
utudx q2
Z 1
0
wtwdxsatisﬁes, for any positive constant e1, the estimateF 01ðtÞ 6 q1
Z 1
0
u2t dx q2
Z 1
0
w2t dxþ
1
e1
Z 1
0
u2t dxþ cð1þ e1Þ
Z 1
0
w2xdx
þ ðkþ e1Þ
Z 1
0
ux þ wð Þ2dxþ cg  wx: ð3:4ÞProof. Direct computations, using the ﬁrst and the second equations in (2.3), yieldsF 01ðtÞ ¼ q1
R 1
0
u2t dx q2
R 1
0
w2t dxþ k
R 1
0
ux þ wð Þ2dxþ a
R 1
0
w2xdx
 R 1
0
utuxdx
R 1
0
utwdx
R 1
0
wx
R t
0
gðt sÞwxðsÞdsdx:By using Young’s and Poincare´’s inequalities, we get, for e1 > 0,F 01ðtÞ 6  q1
Z 1
0
u2t dx q2
Z 1
0
w2t dxþ k
Z 1
0
ux þ wð Þ2dx
þ 2aþ e1
2
 Z 1
0
w2xdxþ
e1
2
Z 1
0
u2xdxþ
1
e1
Z 1
0
u2t dx
þ 1
4a
Z 1
0
Z t
0
gðt sÞwxðsÞds
	 
2
dx: ð3:5ÞThe ﬁfth term in the right-hand side of (3.5) givesZ 1
0
u2xdx ¼
Z 1
0
½ðux þ wÞ  w2dx 6 2
Z 1
0
ðux þ wÞ2dxþ 2
Z 1
0
w2dx:By Poincare´’s inequality, we obtainZ 1
0
u2xdx 6 2
Z 1
0
ðux þ wÞ2dxþ 2
Z 1
0
w2xdx: ð3:6ÞBy using the fact that (a+ b)2 6 2a2 + 2b2 and the Cauchy–Schwarz inequality, we
estimate the last term in the right-hand side of (3.5) as followsR 1
0
R t
0
gðt sÞwxðsÞds
 2
dx
6 2
R 1
0
R t
0
gðt sÞðwxðsÞ  wxðtÞÞds
 2
dxþ 2 R t
0
gðsÞds 2 R 1
0
w2xdx
6 2
R t
0
gðsÞds R 1
0
R t
0
gðt sÞðwxðsÞ  wxðtÞÞ2dsdxþ 2
R t
0
gðsÞds 2 R 1
0
w2xdx:By using (A1), we obtainZ 1
0
Z t
0
gðt sÞwxðsÞds
	 
2
dx 6 c g  wx þ
Z 1
0
w2xdx
	 

: ð3:7Þ
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Lemma 3.3. Let (u,w,u) be the solution of (2.3). Then the functionalZ Z
F2ðtÞ :¼ q2
1
0
wt
t
0
gðt sÞðwðtÞ  wðsÞÞdsdxsatisﬁes, for any positive constant e2, the estimateF 02ðtÞ 6  q2
Z t
0
gðsÞds ce2
	 
Z 1
0
w2t dxþ ce2
Z 1
0
w2xdx
þ e2
Z 1
0
ðux þ wÞ2dxþ e2
Z 1
0
u2t dxþ c e2 þ
1
e2
	 

g  wx 
c
e2
g0  wx: ð3:8ÞProof. Taking the derivative of F2(t) and using the second equation in (2.3), it easily
follows thatF 02ðtÞ ¼ a
R 1
0
wx
R t
0
gðt sÞðwxðtÞ  wxðsÞÞdsdx q2
R t
0
gðt sÞds  R 1
0
w2t dx
þ k R 1
0
ðux þ wÞ
R t
0
gðt sÞðwðtÞ  wðsÞÞdsdx
 R 1
0
ut
R t
0
gðt sÞðwðtÞ  wðsÞÞdsdx
q2
R 1
0
wt
R t
0
g0ðt sÞðwðtÞ  wðsÞÞdsdx
 R 1
0
R t
0
gðt sÞ wxðsÞdsð Þ
R t
0
gðt sÞðwxðtÞ  wxðsÞÞdsdx;where we have used integration by parts and the boundary conditions in (2.3).
By using Young’s inequality, we obtain for any e2 > 0,F 02ðtÞ 6  q2
R t
0
gðsÞds ce2
  R 1
0
w2t dxþ e2
R 1
0
ðux þ wÞdx
þ ce2
R 1
0
R t
0
gðt sÞðwðtÞ  wðsÞÞds 2dx
þ ce2
R 1
0
w2xdxþ e22
R 1
0
R t
0
gðt sÞwxðsÞds
 2
dx
þ ce2
R 1
0
R t
0
g0ðt sÞðwðtÞ  wðsÞÞds 2dxþ e2 R 10 u2t dx
þ ce2
R 1
0
R t
0
gðt sÞðwxðtÞ  wxðsÞÞds
 2
dx:
ð3:9ÞBy exploiting the properties of g, Cauchy–Schwarz and Poincare´’s inequalities, we get
R 1
0
R t
0
gðt sÞðwðtÞ  wðsÞÞds 2dx
6
R t
0
gðsÞds R 1
0
R t
0
gðt sÞ wðtÞ  wðsÞð Þ2dsdx
6 ða lÞg  w 6 cg  wx:
ð3:10Þ
Z 1
0
Z t
0
gðt sÞðwxðtÞ  wxðsÞÞds
	 
2
dx 6 cg  wx: ð3:11Þ
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0
R t
0
g0ðt sÞðwðtÞ  wðsÞÞds 2dx
6
R t
0
g0ðsÞds  R 1
0
R t
0
g0ðt sÞ wðtÞ  wðsÞð Þ2dsdx
6 gð0Þg0  w 6 cg0  wx:
ð3:12ÞThe substitution of (3.7), (3.10)–(3.12) into (3.9), gives (3.8). h
Lemma 3.4. let (u,w,u) be the solution of (2.3). Then the functionalF3ðtÞ :¼ q3
Z 1
0
utudxþ b
Z 1
0
uxudxþ
d
2
Z 1
0
u2xdx;satisﬁes, for any positive constant e1, the estimateF 03 6 
j
2
Z 1
0
u2xdxþ c 1þ
1
e1
	 
Z 1
0
u2t dxþ e1
Z 1
0
w2xdxþ c
Z 1
0
w2t dxþ e1

Z 1
0
ðux þ wÞ2dx: ð3:13ÞProof. By differentiating F3(t) and using the third equation in (2.3), we obtainF 03ðtÞ ¼ j
Z 1
0
u2xdxþ q3
Z 1
0
u2t dxþ b
Z 1
0
uxutdx b
Z 1
0
wtudx:By using Young’s and Poincare´’s inequalities, we obtain for any e1 > 0,F 03ðtÞ 6 
j
2
Z 1
0
u2xdxþ q3 þ
b2
2e1
	 
Z 1
0
u2t dxþ
e1
2
Z 1
0
u2xdxþ
b2
2j
Z 1
0
w2t dx:The conclusion of Lemma 3.4 follows courtesy (3.6). h
As in [19], we introduce the multiplier w which is the solution ofwxx ¼ wx; wð0Þ ¼ wð1Þ ¼ 0: ð3:14Þ
Lemma 3.5. The solution of (3.14) satisﬁesZ 1
0
w2xdx 6
Z 1
0
w2dx 6
Z 1
0
w2xdx
Z 1
0
w2t dx 6
Z 1
0
w2txdx 6
Z 1
0
w2t dx:Proof. See [16]. h
Remark 3.6. It can easily be shown that the solution of (3.14) is explicitly given aswðx; tÞ ¼ 
Z x
0
wðs; tÞdsþ x
Z 1
0
wðs; tÞds:
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Z 1
0
utwdxþ q2
Z 1
0
wtwdxsatisﬁes, for any positive constant e3, the estimateF 04ðtÞ6
l
2
Z 1
0
w2xdxþ c
Z 1
0
u2t dxþ c 1þ
1
e3
	 
Z 1
0
w2t dxþ e3
Z 1
0
u2t dxþ cgwx:
ð3:15ÞProof. A simple differentiation of F4(t), then using the ﬁrst and second equations in
(2.3), leads toF 04ðtÞ ¼ k
R 1
0
w2xdxþ
R 1
0
utwxdxþ q1
R 1
0
utwtdxþ
R 1
0
utwdx a
R 1
0
w2xdx
 k R 1
0
w2dxþ q2
R 1
0
w2t dxþ
R 1
0
wx
R t
0
gðt sÞwxðsÞdsdx;where we have used integration by parts, (3.14) and the boundary conditions in (2.3).
By Young’s and Poincare´’s inequalities, we get for any e3,e4 > 0,F 04ðtÞ 6 ðkþ e4Þ
R 1
0
w2xdxþ 12e4
R 1
0
u2t dxþ e3
R 1
0
u2t dxþ q
2
1
4e3
R 1
0
w2t dx k
R 1
0
w2dx
þ 2e4 þ
R t
0
gðsÞds a  R 1
0
w2xdxþ q2
R 1
0
w2t dx
þ R 1
0
R t
0
gðt sÞðwxðsÞ  wxðtÞÞds
 2
dx:By exploiting (A1), (3.11) and Lemma 3.5 we getF 04ðtÞ 6 ðl 3e4Þ
Z 1
0
w2xdxþ
1
2e4
Z 1
0
u2t dxþ e3
Z 1
0
u2t dx
þ q2 þ
q21
4e3
	 
Z 1
0
w2t dxþ
a l
4e4
g  wx: ð3:16ÞBy setting e4 ¼ l6, the conclusion of our proof follows. h
Lemma 3.8. Let (u,w,u) be the solution of (2.3). Then, the functionalF5ðtÞ :¼ q2
Z 1
0
wtðux þ wÞdxþ
aq1
k
Z 1
0
utwxdx
q1
k
Z 1
0
ut
Z t
0
gðt sÞwxðsÞdsdxsatisﬁes, for any positive constant e1, the estimateF 05ðtÞ 6 ux awx 
Z t
0
gðt sÞwxðsÞds
	 
 x¼1
x¼0
þ q2
Z 1
0
w2t dx
þ c 1þ 1
e1
	 
Z 1
0
w2xdx
k
2
Z 1
0
ðux þ wÞ2dxþ e1
Z 1
0
u2t dx
þ c 1þ 1
e1
	 
Z 1
0
u2xtdx
c
e1
g0  wx þ ce1g  wx
þ q2 
aq1
k
 Z 1
0
uxtwtdx: ð3:17Þ
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R t
0
gðt sÞwxðsÞds
  x¼1
x¼0 þ q2
R 1
0
w2t dx
 k R 1
0
ðux þ wÞ2dxþ 1k
R 1
0
uxt
R t
0
gðt sÞwxðsÞdsdx
 q1gð0Þ
k
R 1
0
utwxdx q1k
R 1
0
ut
R t
0
g0ðt sÞwxðsÞdsdx
þ q2  aq1k
  R 1
0
uxtwtdx ak
R 1
0
uxtwxdxþ
R 1
0
utðux þ wÞdx
¼ ux awx 
R t
0
gðt sÞwxðsÞds
  x¼1
x¼0 þ q2
R 1
0
w2t dxþ
R 1
0
utðux þ wÞdx
 k R 1
0
ðux þ wÞ2dxþ 1k
R 1
0
uxt
R t
0
gðt sÞðwxðsÞ  wxðtÞÞdsdx
 q1gðtÞ
k
R 1
0
utwxdxþ q1k
R 1
0
ut
R t
0
g0ðt sÞðwxðtÞ  wxðsÞÞdsdx
þ q2  aq1k
  R 1
0
uxtwtdx ak
R 1
0
uxtwxdxþ 1k
R t
0
gðsÞds R t
0
uxtwxdx:By using Young’s and Poincare´’s inequalities, (3.11), (3.12) and the properties of g,
(3.17) is established. h
In consideration of the boundary terms that appear in (3.17), we deﬁne, as in [18],
the functionmðxÞ ¼ 2 4x; x 2 ½0; 1:
Consequently, we have the following result:Lemma 3.9. Let (u,w,u) be the solution of (2.3). Then, for any positive constant e1, the
functionalF6ðtÞ :¼ e1q1
k
Z 1
0
mðxÞutuxdxþ
q2
4e1
Z 1
0
mðxÞwt awx 
Z t
0
gðt sÞwxðsÞds
	 

dxsatisﬁes the estimateF 06ðtÞ 6  ux awx 
R t
0
gðt sÞwxðsÞds
  x¼1
x¼0 þ c e1 þ 1e1 þ 1e31
  R 1
0
w2xdx
þ ce1
R 1
0
ðux þ wÞ2dxþ ce1
R 1
0
w2t dxþ ce1
R 1
0
u2t dxþ ce1
R 1
0
u2xtdx
þ c 1e1 þ 1e31
 
g  wx  ce1 g0  wx:
ð3:18ÞProof. By using Eq. (2.3) and integrating by parts, we getF 06ðtÞ ¼  e1u2xð1Þ þ 14e1 awxð1Þ 
R t
0
gðt sÞwxð1; sÞds
 2h i e1
k
R 1
0
muxtuxdx
 e1u2xð0Þ þ 14e1 awxð0Þ 
R t
0
gðt sÞwxð0; sÞds
 2h iþ 2e1 R 10 u2xdx
þ aq2
2e1
R 1
0
w2t dxþ 2e1q1k
R 1
0
u2t dx q2gðtÞ4e1
R 1
0
mwtwxdx
þ 1
2e1
R 1
0
awx 
R t
0
gðt sÞwxðsÞds
 2
dxþ e1
R 1
0
mwxuxdx
þ 1
4e1
R 1
0
mut awx 
R t
0
gðt sÞwxðsÞds
 
dx
 k
4e1
R 1
0
mðux þ wÞ awx 
R t
0
gðt sÞwxðsÞds
 
dx
þ q2
4e1
R 1
0
mwt
R t
0
g0ðt sÞðwxðtÞ  wxðsÞÞds
 
dx:
ð3:19Þ
224 S.A. Messaoudi, T.A. ApalaraIn what follows, we use Young’s and Poincare´’s inequalities, (3.7), (3.12), properties of
g and the fact that 0 6 m2(x) 6 4,"x 2 [0,1] and (a+ b)2 6 2a2 + 2b2.uxð1Þ awxð1Þ 
R t
0
gðt sÞwxð1; sÞds
 
6 e1u2xð1Þ þ 14e1 awxð1Þ 
R t
0
gðt sÞwxð1; sÞds
 2
:
ð3:20Þ
uxð0Þ awxð0Þ 
R t
0
gðt sÞwxð0; sÞds
 
6 e1u2xð0Þ þ 14e1 awxð1Þ 
R t
0
gðt sÞwxð0; sÞds
 2
:
ð3:21Þ
 1
k
Z 1
0
muxtuxdx 6
1
2k
Z 1
0
m2u2xdxþ
1
2k
Z 1
0
u2xtdx
6 c
Z 1
0
u2xdxþ c
Z 1
0
u2xtdx: ð3:22Þ
 q2gðtÞ
4
R 1
0
mwtwxdx 6 12
R 1
0
w2xdxþ q
2
2
g2ðtÞ
32
R 1
0
m2w2t dx
6 c
R 1
0
w2xdxþ c
R 1
0
w2t dx:
ð3:23Þ
Z 1
0
mwxuxdx 6 c
Z 1
0
u2xdxþ c
Z 1
0
w2xdx: ð3:24Þ
1
2
R 1
0
awx 
R t
0
gðt sÞwxðsÞds
 2
dx
6 a2
R 1
0
w2xdxþ
R 1
0
R t
0
gðt sÞwxðsÞds
 2
dx
6 c
R 1
0
w2xdxþ cg  wx:
ð3:25Þ
1
4
R 1
0
mut awx 
R t
0
gðt sÞwxðsÞds
 
dx
6 e5
8
R 1
0
m2u2t dxþ 18e5
R 1
0
awx 
R t
0
gðt sÞwxðsÞds
 2
dx
6 ce5
R 1
0
u2xtdxþ ce5
R 1
0
w2xdxþ ce5 g  wx:
ð3:26Þ
 k
4
R 1
0
mðux þ wÞ awx 
R t
0
gðt sÞwxðsÞds
 
dx
6 e5
8
R 1
0
m2 ux þ wð Þ2dxþ k28e5
R 1
0
awx 
R t
0
gðt sÞwxðsÞds
 2
dx
6 ce5
R 1
0
ux þ wð Þ2dxþ ce5
R 1
0
w2xdxþ ce5 g  wx:
ð3:27Þ
q2
4
Z 1
0
mwt
Z t
0
g0ðt sÞðwxðtÞ  wxðsÞÞds
	 

dx
6 q
2
2
32
Z 1
0
m2w2t dxþ
1
2
Z 1
0
Z t
0
g0ðt sÞðwxðtÞ  wxðsÞÞds
	 
2
dx
6 c
Z 1
0
w2t dx cg0  wx: ð3:28ÞBy substituting (3.20)–(3.28) into (3.19), setting e5 ¼ e21 and then using (3.6), we obtain
(3.18). h
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In this section, which is subdivided into two parts, we state and prove our main results.
4.1. Equal speed of propagation kq1
¼ aq2
 
In this subsection, we state and prove a general stability result in the case of equal
wave-speed propagation.
Remark 4.1. For kq1
¼ aq2
 
, Eq. (3.17) takes the formF 05ðtÞ 6 ux awx 
R t
0
gðt sÞwxðsÞds
  x¼1
x¼0 þ q2
R 1
0
w2t dxþ c 1þ 1e1
  R 1
0
w2xdx
 k
2
R 1
0
ðux þ wÞ2dxþ e1
R 1
0
u2t dxþ c 1þ 1e1
  R 1
0
u2xtdx
 ce1 g0  wx þ ce1g  wx:
ð4:1ÞNext, we deﬁne a Lyapunov functional L equivalent to the ﬁrst-order energy func-
tional E. For positive constants; N,N1, N2, to be chosen appropriately later, we letLðtÞ :¼ NEðtÞ þ 1
8
F1ðtÞ þN1F2ðtÞ þ F3ðtÞ þN2F4ðtÞ þ F5ðtÞ þ F6ðtÞ: ð4:2ÞLemma 4.2. For N large enough, there exist two positive constants a1 and a2 such thata1EðtÞ 6 LðtÞ 6 a2EðtÞ; 8tP 0: ð4:3ÞProof. LetLðtÞ ¼ 1
8
F1ðtÞ þN1F2ðtÞ þ F3ðtÞ þN2F4ðtÞ þ F5ðtÞ þ F6ðtÞ:
jLðtÞj 6 q1
8
R 1
0
jutujdxþ q28
R 1
0
jwtwjdxþ q1k
R 1
0
jut
R t
0
gðt sÞwxðsÞdsjdx
þ q3
R 1
0
jutujdxþ b
R 1
0
juxujdxþ d2
R 1
0
u2xdx
þ q2N2
R 1
0
jwtwjdxþ q2
R 1
0
jwtðux þ wÞjdxþ aq1k
R 1
0
jutwxjdx
þ e1q1
k
R 1
0
jmutuxjdxþ q2N1
R 1
0
jwt
R t
0
gðt sÞðwðtÞ  wðsÞdsjdx
þ q1N2
R 1
0
jutwjdxþ q24e1
R 1
0
jmwt awx 
R t
0
gðt sÞwxðsÞds
 Þjdx
By using Young’s and Poincare´’s inequalities, 3.6, 3.7, 3.10, 3.25 and Lemma 3.5, we
obtainjLðtÞj 6 c
Z 1
0
u2t þ w2t þ u2t þ w2x þ u2x þ ðux þ wÞ2
 
dxþ cg  wx:
226 S.A. Messaoudi, T.A. ApalaraConsequently,jLðtÞ NEðtÞj 6 cEðtÞ;
that isðN cÞEðtÞ 6 LðtÞ 6 ðNþ cÞEðtÞ:
By choosing N large enough, (4.3) follows. h
Theorem 4.3. Let ððu0;u1Þ; ðw0;w1Þ; ðu0; u1ÞÞ 2 H10ð0; 1Þ  L2ð0; 1Þ
 3
be given and
assume that g satisﬁes (A1)and(A2) and thatk
q1
¼ a
q2
:Then, there exist two positive constants c0 and c1 such thatEðtÞ 6 c0ec1
R t
t0
nðsÞds
; 8tP t0: ð4:4ÞProof. By differentiating (4.2) and using 3.1, 3.4, 3.8, 3.13, 3.15, 3.18 and 4.1, using
Poincare´’s inequality and letting e2 ¼ k4N1, we obtainL0ðtÞ 6 q1
8
 ce1  e3N2
h i Z 1
0
u2t dx
k
8
 ce1
  Z 1
0
ðux þ wÞ2dx
 Nd c 1þ e1 þ 1e1 þN2
	 
 Z 1
0
u2xtdx
j
2
Z 1
0
u2xdx
 lN2
2
 c 1þ e1 þ 1e1 þ
1
e31
	 
 Z 1
0
w2xdx
 N1q2
Z t
0
gðsÞds 7q2
8
 c 1þ 1
e1
þ 1þ 1
e3
	 

N2
	 
 Z 1
0
w2t dx
þ c 1þ e1 þ 1e1 þ
1
e31
þN2N21
 
g  wx þ
bN
2
 c 1
e1
þN21
	 
 
g0  wx:Since g is continuous, positive and g(0) > 0, then for any t0 > 0, we haveZ t
0
gðsÞdsP
Z t0
0
gðsÞds ¼ g0; 8tP t0: ð4:5ÞNext, we choose e1 small enough such thatl1 ¼
q1
8
 ce1 > 0 and k
8
 ce1 > 0;and then N2 large enough thatlN2
2
 c 1þ e1 þ 1e1 þ
1
e31
	 

> 0:
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Next, we pick N1 large enough such thatN1q2g0 
q2
2
 c 1þ 1
e1
þ 1þ 1
e3
	 

N2
	 

> 0:Finally, we choose N large enough such that (4.3) remains valid andNd c 1þ e1 þ 1e1 þN2
	 

> 0 and
bN
2
 c 1
e1
þN21
	 

> 0:Consequently, by using Poincare´’s inequality and (2.4), we obtainL0ðtÞ 6 k0EðtÞ þ cg  wx; 8tP t0; ð4:6Þ
where k0 positive constant. By multiplying (4.6) by n (t) and using (A2) and (3.1), we
arrive atnðtÞL0ðtÞ 6 k0nðtÞEðtÞ  cE0ðtÞ; 8tP t0;
which can be rewritten as½nðtÞLðtÞ þ cEðtÞ0  n0ðtÞLðtÞ 6 k0nðtÞEðtÞ; 8tP t0:
Using the fact that n0(t) 6 0, we haveðnðtÞLðtÞ þ cEðtÞÞ0 6 k0nðtÞEðtÞ; 8tP t0:
By exploiting (4.3), it can easily be shown thatRðtÞ ¼ nðtÞLðtÞ þ cEðtÞ  EðtÞ: ð4:7Þ
Consequently, for some positive constant c1, we obtainR0ðtÞ 6 c1nðtÞRðtÞ; 8tP t0: ð4:8Þ
A simple integration of (4.8) over (t0,t) leads toRðtÞ 6 Rð0Þec1
R t
t0
nðsÞds
; 8tP t0: ð4:9Þ
Finally, (4.4) is established by combining (4.7) and (4.9). h
Remark 4.4. Estimate (4.4) also holds for t 2 [0,t0] by virtue of continuity and bound-
edness of E(t) and n(t).4.2. Nonequal speed propagation kq1
– aq2
 
In this subsection, we treat the case of different wave-speed propagation. In this regard,
we establish a general decay result which depends on the asymptotic behavior of g and
the regularity of the initial data.
228 S.A. Messaoudi, T.A. ApalaraThe main theorem in this subsection is:
Theorem 4.5. Let u0;w0; u0ð Þ 2 H2ð0; 1Þ \H10ð0; 1Þ
 3
and ðu1;w1; u1Þ 2 H10ð0; 1Þ
 3
be
given. Assume that g satisﬁes (A1)and(A2) andk
q1
–
a
q2
:Then, there exists a positive constant c2 such thatEðtÞ 6 c2R t
0
nðsÞds ; 8tP t0: ð4:10ÞIn order to establish this result, we need the second-order energy associated with
problem (2.3). To this end, we differentiate (2.3) with respect to t and use the fact thatd
dt
Z t
0
gðt sÞwxxðx; sÞds ¼
d
dt
Z t
0
gðsÞwxxðx; t sÞds
¼ gðtÞwxxðx; 0Þ þ
Z t
0
gðsÞwxxtðx; t sÞds
¼ gðtÞw0xxðxÞ þ
Z t
0
gðt sÞwxxtðx; sÞds:to get the systemq1uttt  kðuxt þ wtÞx þ uxtt ¼ 0; x 2 ð0; 1Þ; t > 0
q2wttt  awxxt þ kðuxt þ wtÞ  utt þ gðtÞw0xxðxÞ
þ
Z t
0
gðt sÞwxxtðx; sÞds ¼ 0; x 2 ð0; 1Þ; t > 0
q3uttt  juxxt  duxxtt þ buxtt þ bwtt ¼ 0; x 2 ð0; 1Þ; t > 0
utð0; tÞ ¼ utð1; tÞ ¼ wtð0; tÞ ¼ wtð1; tÞ ¼ utð0; tÞ ¼ utð1; tÞ ¼ 0; tP 0: ð4:11ÞThe second-order energy is deﬁned byEðtÞ ¼ E1ðut; ut;wtÞ; ð4:12Þ
where E1 is given in (2.4)
Lemma 4.6. Let (u,w,u) be the strong solution of (2.3). Then the energy functional EðtÞ,
deﬁned by (4.12), satisﬁesE0ðtÞ ¼ d
Z 1
0
u2xttdxþ
b
2
g0  wxt 
b
2
gðtÞ
Z 1
0
w2xtdx bgðtÞ
Z 1
0
wttw0xxðxÞdx
ð4:13ÞandEðtÞ 6 c; 8tP 0: ð4:14Þ
General stability result in a memory-type porous thermoelasticity system of type III 229Proof. Multiplying the ﬁrst equation of (4.11) by butt, the second by bwtt, and the third
by utt, integrating over (0,1), and summing up, as in Lemma 3.1, we obtain (4.13).
To prove (4.14), we observe thatE0ðtÞ 6 b
2
g0  wxt  bgðtÞ
Z 1
0
wttw0xxðxÞdx 6 bgðtÞ
Z 1
0
wttw0xxðxÞdx; 8tP 0:
ð4:15ÞThen, using the fact thatb
2
gðtÞ
Z 1
0
ﬃﬃﬃﬃﬃ
q2
p
wtt þ
1ﬃﬃﬃﬃﬃ
q2
p w0xx
	 
2
dxP 0; 8tP 0; ð4:16Þand following the same approach in [17], we obtain (4.14)
Lemma 4.7. Let (u,w,u) be the strong solution of (2.3), then "tP t0, we haveq2 
aq1
k
 Z 1
0
uxtwtdx 6 e1
Z 1
0
u2t dxþ
c
e1
ðgðtÞ  g0  wx þ g  wxtÞ: ð4:17ÞProof. This easily follows by repeating the same steps as in [17] using 2.4, 3.11, 3.12,
properties of g and the nonincreasingness of E. h
Remark 4.8. For kq1
– aq2
 
, taking Lemma 4.7 into account, Eq. (3.17) takes the formF 05ðtÞ 6 ux awx 
Z t
0
gðt sÞwxðsÞds
	 
 x¼1
x¼0
þ q2
Z 1
0
w2t dx
þ 2e1
Z 1
0
u2t dx
k
2
Z 1
0
ðux þ wÞ2dxþ c 1þ
1
e1
	 
Z 1
0
u2xtdx
þ c 1þ 1
e1
	 
Z 1
0
w2xdx
 c
e1
g0  wx þ ce1g  wx þ
c
e1
g  wxt þ
c
e1
gðtÞ: ð4:18ÞProof of Theorem 4.5. To ﬁnalize the proof of Theorem 4.5, we use the same Lyapunov
functional LðtÞ deﬁned in (4.2). That isLðtÞ :¼ NEðtÞ þ 1
8
F1ðtÞ þN1F2ðtÞ þ F3ðtÞ þN2F4ðtÞ þ F5ðtÞ þ F6ðtÞ;but we use (4.18) instead of (4.1). Following the same steps with the same choice of the
constants (up to (4.6)) as in the proof of Theorem 4.3, we obtainL0ðtÞ 6 k0EðtÞ þ cg  wx þ cg  wxt þ cgðtÞ  k1gðtÞ

Z 1
0
wttw0xxðxÞdx; 8tP t0; ð4:19Þ
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By using Young’s inequality, the last term in (4.19) givesk1
Z 1
0
wttw0xxðxÞdx 6
k1
2
Z 1
0
w2ttdxþ
k1
2
Z 1
0
w20xxdx: ð4:20ÞBy exploiting (4.12) and (4.14), it follows thatZ 1
0
w2ttdx 6
2
q2b
EðtÞ 6 c;thus, (4.20) yieldsk1
Z 1
0
wttw0xxðxÞdx 6 c: ð4:21ÞBy substituting (4.21) into (4.19), we getL0ðtÞ 6 k0EðtÞ þ cg  wx þ cg  wxt þ cgðtÞ; 8tP t0: ð4:22Þ
By multiplying (4.22) by n(t) and using (A1) and(A2), we obtainnðtÞL0ðtÞ 6 k0nðtÞEðtÞ  cg0  wx  cg0  wxt  cg0ðtÞ; 8tP t0;
that isnðtÞEðtÞ 6 k2nðtÞL0ðtÞ  cg0  wx  cg0  wxt  cg0ðtÞ; 8tP t0; ð4:23Þ
where k2 ¼ 1k0. Integrating (4.23) over [t0, t], we getZ t
t0
nðsÞEðsÞds 6 k2 nðt0ÞLðt0Þ  nðtÞLðtÞ þ
Z t
t0
n0ðsÞLðsÞds
 
 c
Z t
t0
g0  wxðsÞds
 c
Z t
t0
g0  wxtðsÞdsþ c; 8tP t0: ð4:24ÞRecalling (3.1) and (4.15), we haveg0  wx 6 
2
b
E 0ðtÞ;andg0  wxt 6 
2
b
E0ðtÞ  2gðtÞ
Z 1
0
wttw0xxdx:In addition, since E and n are both positive and nonincreasing, so (4.24) givesZ t
t0
nðsÞEðsÞds 6 cþ
Z t
t0
gðsÞ 2c
Z 1
0
wttðx; sÞw0xxdx
 
ds; 8tP t0:By using (4.21) and (A1), we obtainZ t
t0
nðsÞEðsÞds 6 cþ c
Z t
t0
gðsÞds 6 cþ cða lÞ 6 c: 8tP t0: ð4:25Þ
General stability result in a memory-type porous thermoelasticity system of type III 231Consequently, we obtainEðtÞ
Z t
0
nðsÞds 6
Z t
0
nðsÞEðsÞds ¼
Z t0
0
nðsÞEðsÞdsþ
Z t
t0
nðsÞEðsÞds
6 t0nð0ÞEð0Þ þ c 6 c2 8tP t0:
Therefore,EðtÞ 6 c2R t
0
nðsÞds 8tP t0;which is the conclusion of Theorem 4.5.ACKNOWLEDGEMENTS
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